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Abstract: We study a likelihood ratio test for testing the conditional mean of a class of piece-wise
stationary CHARN models. We establish the locally asymptotically normal (LAN) structure of the
family of likelihoods under study. We prove that the test is asymptotically optimal, and we give an
explicit form of its asymptotic local power. We describe an algorithm for detecting change points and
estimating their locations. The estimates are obtained as time indices, maximizing the estimate of the
local power. The simulation study we conduct shows the good performance of our method on the
examples considered. This method is also applied to a set of financial data.

Keywords: CHARN models; change points; LAN; likelihood ratio tests
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1. Introduction

Letd, p,k,n € Nand k << n. Assume the observations Xj, ..., X, issued from the
following piece-wise stationary CHARN model (see, e.g., [1])

Xi=T(po+vO0w(t);Xe—1) + V(Xi—1)er, t € Z, 1)
with
Xi =Yy =T(po+7jwj(t);Xe-1;) + V(Xi1)er, 11 SE< T,
i=1...k+1, )

where for j = 1,...,k, (Y;j)icz is a stationary and ergodic process; pg € R?, T(po,-)
and V(.) are real-valued functions with inf s V(x) > 0; the T,j=0,...,k+1, are
potential instants of changes with 7p = 1 and 741 = n+1; forj = 1,...,k, Xt,j =
(Yt,j/ .. '/Yt—d+1,j)T/ X7—j—l+g = XT];l‘f‘f,]" { = 0,.. .,d —landfort e ['l']‘,l +d— 1,T]'), X =
(Xt,.. ., Xs_gp1) s forj, £ =1,...,k, j # £, the processes (Yt)tcz and (Y; )iz are mutu-
ally independent; (Et)te?z; is standard white noise with density f. ¢ = ('le Sy, 'y];r +1)T,
Y ERY, | = Lokt L w(t) = (g m) (5 Ly (B Ty (B Ly ()T =

(@1(E)-.@i1(6) € (01 fory = (1. 9y) " and w(t) = (@i(8),.., wa (D),
v ® w(t) stands for v ® w(t) = ywi(t) + - + Vw1 (t) € RP, and
Yyiw; = (Yi1Wi, - -, 'yl-,pwi) € RP. The class of models (2) is very large. It contains models
such as AR(p), ARCH(p), EXPAR(p), and GEXPAR(p) whose statistical and probability
properties are widely studied in the literature (see, e.g., [2] for a study of the ergodicity of
GEXPAR models).
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As noted in [3], the assumption that (X ;);cz and (X;¢);cz are independent can be

extended to some weak dependence assumption. In this paper, for 79 € RP(+1) and
B € RP+1) depending on the T;s, we construct a likelihood ratio test for testing

Hyp:v =190 against Hé") Y =Y :')/o+\fﬁ. 3)

A particular case of this work is studied in [4]. The literature on change points is
extensive and varied. Some basic notions and theory are presented in [5], where one can
find number of references on the first works on the subject. Most of the recent papers on
change points are in time series or regression contexts. Various methods and techniques
are used for the study. Ref. [6] proposes a test for parameter changes. The observations
are assumed to follow an exponential distribution. The author presents a derivation using
the method of [7]. Ref. [8] studies the problem of changes in the parameters of AR models
and the variance in the white noise using the likelihood ratio statistic. Ref. [9] proposes
test statistics for detecting a break in the trend function of a dynamic univariate time
series. The tests are based on the mean and exponential statistics of [10] and the supremum
statistic of [11]. Another method for detecting change points is introduced in [12]. The
authors present a multiple-change-point analysis for which the Markov Chain Monte Carlo
(MCMC) sampler plays a fundamental role. They propose an attractive methodology
for the change-point problem in a Bayesian context. The reversible jump algorithm is
presented. Ref. [13] also studies the problem of detecting change points in the mean of a
signal corrupted by additive noise. The number of change points is estimated by a method
based on a penalized least-square criterion. Ref. [14] uses the minimum description length
for detecting change points for a non-stationary time series with an application to GARCH
models, stochastic volatility models and generalized state-space models as the parametric
model for the segments. Ref. [15] uses maximum likelihood to estimate the instant of the
change. The authors study the asymptotic distribution of their test by contiguity. Ref. [16]
investigates the regression function or its vth derivative in generalized linear models which
may have a change (discontinuity) point at an unknown location. Ref. [17] studies change
points in the mean of a sequence of independent normally distributed random vectors.
The asymptotic distribution of the test statistic is studied by using results from [18]. Also,
Ref. [19] studies this problem for independent normal means as a multiple testing problem.
The authors consider two stepwise methods, the binary segmentation method of [20]
and the maximum residual down method of [21]. They prove the consistency of these
methods. Ref. [22] studies the existence of changes in the regression parameters in a linear
model where the regressors and errors are weakly dependent. They study the asymptotic
distribution under the null hypothesis and under contiguous alternatives. In [23], the
authors develop a method for detecting and estimating change points in the tail of multiple
time series data. They discuss the effect of the mean and variance’s change on the tails. They
focus on the detection of change points in the upper tail of the distribution of the variable of
interest, based on multiple cross-sectional time series. Ref. [24] proposes a procedure based
on the Bayesian information criterion (BIC) in combination with the binary segmentation
algorithm to look for changes in the mean, autoregressive coefficients, and variance in the
perturbation in piecewise autoregressive processes. The authors explain briefly the Auto-
PARM and Auto-SLEX methods. They present different algorithms useful to the search of
multiple change points. Ref. [25] proposes a likelihood ratio scan method for estimating
multiple change points in piecewise stationary processes. Ref. [26] aims to estimate the
instant of change in a regression model. The authors use a sequential Bayesian change-
point algorithm that provides uncertainty bounds on both the number and location of the
change. A class of change-point test statistics is proposed in [27] that utilizes a weighting
and trimming scheme for the cumulative sum (CUSUM) process inspired by Renyi. Using
an asymptotic analysis and simulations, the authors demonstrate that this class of statistics
possesses superior power compared to traditional change-point statistics based on the
CUSUM process, when the change point is near the beginning or end of the sample. The
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authors develop a generalization of these "Renyi” statistics for testing for changes in the
parameters of linear and non-linear regression models, and in the generalized method of
moment estimation.

In this paper, we are interest in weak change detection. A weak change is one with
a too-small magnitude. Such a change may be a harbinger signaling a forthcoming criti-
cal behavior of the phenomenon studied. It can manifest in various domains including
economics and finance, public health, bio-science, engineering, climatology, hydrology,
linguistics, genomics, signal processing and many others.

Classical change detection methods can fail in detecting weak changes. Therefore, it
may be of importance to develop new methods for their detection. In the context of time
series, very few studies have tested no change against local alternatives of weak changes.
Refs. [4,28] study this problem for the case of testing the mean of the model (1). As changes
can happen elsewhere than the mean, it can be interesting to study more general models.
Our main purpose in this paper is to extend these works to the conditional mean of (1).
With this purpose, we proceed with the same techniques. We first construct a test based
on the likelihood ratio, and we study its null distribution. Next, we establish the LAN
property for the likelihood families under study. From this, we prove the contiguity of Hy

and H gl) and use it together with Le Cam’s third lemma to find the asymptotic distribution

of the test under Hgl). Then, we prove the optimality of our test in the case in which
the parameters are known. In the case that the parameters are assumed to be unknown,
we prove the convergence of the estimated version of the central sequence based on the
parameter estimators to its true version. Finally, we prove that the test remains optimal
in the case of unknown parameters. Based on the explicit expression of the power, we
construct an algorithm for detecting change points and estimating their locations. The
simulation study shows the good performance of our method for detecting weak changes
and estimating their locations in the examples considered.

In Section 2, we specify the notation and list some of the main assumptions. In
Section 3, we state the theoretical results in the case that pg is known and in the case that it
is unknown. The results of this section are used in Section 4 to construct an algorithm for
testing change points and estimating their locations. In Section 5, a simulation experiment
is conducted for the application of our algorithm. Section 6 concludes our work, and the
last section contains the proofs of the results stated in Section 3.

2. Notation and Assumptions

In this section, we specify the notation and list some of the main assumptions needed.

2.1. The Notation

In the sequence, M,, ,(R) is the space of real m x n matrices and M, (R) = M, ,(R).
M is the transpose of M € M, ,(R), and |||M]||| _ is its Euclidean matrix norm. ||.||,
is the Euclidean norm of RP.

Let U € RFKH); we write U = (U] ,...,U],,) andforanyie {1,...,k+1},

mxn

ui = (uilr- . ~/l’ll'p)T

For M € M, (141)(R), we write

Mii ... Mg
M= : : ,

Mt -0 Migipq

where fori,j € {1,...,k+1}, M;; € M,y (R).
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Let & : R? — R be a differentiable function on R¥. For any ¢ € RP(+1), we denote by
D, [S] the following matrix:

Dy [S(x)] = (a'h [S(x)],...,0 [%(x)])T e RPHD)

<Oy

where 9,,,[3(x)] is the gradient of & with respect to 7; at x € R%:

T
0 N NS
0. [S(x)] = x), —(x),..., —(x € R?,
1 3(0) (3%,1 s (e >>
wherefori=1,...,k+1landj=1,...,p, W is the partial derivative of & with respect
i,j
to Yij-
We also denote by H, [3(x)] the matrix
a’zh’ng(x) T 8’2Y1'Yk+1§(x)
Hy[S(x)] = : . : € Mygin(R), xeR
a%kJrl'Yl%(x) o a%k+l'7k+l%(x)

where, for everyi € {1,...,k+ 1},

% %y
— X e — X
97:,197j,1 97i,p97j1
93,9, 3(x) = : - : € Mp(R), xeR™
% %
———(x 5 — (%)
a’)/i,la')’]',p a’)/i,pa')’j,p

We denote any differentiable function g with derivative ¢’ by

¢y = —gg and I(g) = /R(,bg(x)g(x)dx.

Forany t € {1,...,n}, let 7t = 0(Xy, ..., Xt) be the o-algebra generated by X, ..., X; such
that ¢; is independent of F;_;.

2.2. The Main Assumptions

In this section, we outline the key assumptions needed for our methodology. These
are crucial for establishing our theoretical results. Following their enumeration, we include
a remark that articulates their significance. So, we assume that

(A1) /Rxf(x)dx — 0and /R W2 f (x)dx = 1.
(Ay)  fis differentiable with derivative f’.

. o . N . / o . /
(43)  lim f(x)= lim f(x)=0= lim f(x)= lm f(x).

(As) ¢y is differentiable with derivative 4)} and is cy-Lipschitz where 0 < ¢ < +oo0.

3
(As) max{ /R |05 () £ (x)dx, /]R 9;(x) ‘ f(x)dx} < .
(Ag) Foranyj=1,...,k+1,n;(n) designates the number of observations between the
instants 7j and 7;_1, such that nj(n) — +ooand nj(n)/n — «;, as n tends to +co.
(A7) Forallj=1,...,k+1, the sequence (X;);cz is stationary and ergodic on [7;_1, 7;)
with stationary cumulative distribution function F;.
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(Ag) Foranyj=1,....k+1,1<h<m<pandb <3,

1 \b aT aT
U;,Z'm)(Por’Yo) = 1(f) /R (W) W(POI'YO/x)W(pO"YO’x)dF]'(x) <

jm

(40)  max{sup, |T(po, 7, )|, sup, 11y [T(po, 7, )l k1),
sup,, |||H7[T(po,'y,x)]|||p(k+l)} < v(x), for some positive function v defined
on R4, b
- v(x)
(Aiy) Forj=1,....k+1abe {1,2,3},/Rd e

(A11) The density function of the first d observations on each interval [Tj,l,Tj), j=

dFj(x) < 0.

1,...,k+ 1, under Ht(;n) converges to its density function under Hy.

Remark 1.

o Assumptions (A1)—(As) are regularity properties required for the density f. They are satisfied
at least by the standard Gaussian density function.

e Assumption (Ag) allows for the application of the ergodic theorem on each segment [T;_1,T;).
This assumption is very usual in the literature.

e Assumption (A7) ensures the ergodicy and stationarity of the process on each segment [T;_1, T;).
It holds at least for piece-wise stationary and ergodic AR and ARCH models.

o Assumptions (Ag)—(Ayg) are constraints on the function T and its derivatives. They are
satisfied by usual models as parametric AR, ARCH, TARCH, and EXPAR models with
Gaussian noise.

o Assumption (Ay1) allows for the simplification of the forms of the likelihoods.

3. The Theoretical Results
3.1. The Parameters Are Known

We first study the case where pg and 7y are assumed to be known. This will enlighten
the case where they are unknown. We start by establishing a LAN and contiguity results.
We denote by ©,(po, o, B) the log-likelihood ratio of Hy against Hl(jn), and we define the
sequence I1, by

1 k1 Y 1
I (po, v0, B) = 7 ]; f:;H mﬁjTN(Po,'Yo,Xt_l)‘Pf[et(Po/ 70)], (4)

where
N(po, 70, Xe—1) = w(t) ® Dy [T(po, 70, Xt-1)] € R?,

and forall ¥ = (71,...,7k41) € RPEFD,

Xt — T(po, v, Xi—
celpn,y) = 2B g, ®)

Theorem 1 (LAN). Assume that (A1)—(A1o) hold. Then, for any B € RP&HD) ynder Hy, as
n — +oo,

On(po, Y0, B) = n(po, v0, B) — 1o, 0. P) +0p(1),

2
T, (o, Y0, B) L N(0,7(po, Y0, B)),
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k+1
1(po. Y0, B Z o

Z :B] hﬁ],mﬂjz (PO/ Y0),
1<h<m<p
(h,m

) B 1 aT oT
17]‘,2 (PO/ 'YO) = I(f) /Rd VZ(X) ar)Ij,h (pOI ‘Yo, x)a

5 (P, Y0, X)dFj(x).
Yim
Proof. See Appendix A. [

Corollary 1. Assume that (A1)-(Ayg) hold. Then, for any p € RP*+Y), the sequences {H
n> 1} and {Hén) =Hy:

(n)

n > 1} are contiguous. Furthermore, under Hﬁ ,asn — +oo,

(P, 70, B) = N (1(po, v0, B), 1 (p0, Y0, B))
Proof. See Appendix A. [

For known py € R? and 79 € RP*1), and for any B € RP(*+1), for testing Hy against
Hé"), we base our test on the statistic

Talpo, 10, B) = SlPo10.B) ©
1-971 (PO/ ')/Or )
where ¢, (po, 70, B) is any consistent estimator of #(po, yo, B) = 12 (po, Yo, B)

At the level of significance of « € (0,1), we reject Hy whenever T, (po, v0, B) > Za,
where Z, isa (1 — uc)-quantile of the standard Gaussian distribution

1
In practice, 9,(po, 70, B) can be taken as a natural estimator of 77 (po, ¥, B) with
k+1
77 PO/ ')/0/ Z &

Z IBJh:BJm’?]z (Po, Y0), and for j = 1
1<h<m<p
mator of &

k+1, &j is an esti-
hm n( )/n and

~(h,m) _ / 1 9T oT dE (x

’7],2 (pOr ’YO) (f) RA Vz(x) a’yj,h (pOI Y0, X )a,)/] . (POI Y0, X ) ]( )1

where F; is the empirical distribution function of the observations with indices in [7;_1, 7;)
This can be written again as

~(hm) I(F) 1 T
77]2 (PO/ 'YO) 11](1’1) = Vz(xt—l) a’)’j,h (PO/ Yo,

oT
t-1) m (o, 70, Xi-1)-
Theorem 2 (Optimality). Assume that (A1)—(Aqp) hold. Then, for any given B € RP k+1)
[i]

Under Hy, as n — +o0, T (po, Y0, B) g N(0,1)
[ii] g

Under H(", at the level of significance of « € [0, 1], the asymptotic power of the test based
on Tu(po, v, B) is
Pk,rk =1- (D(

= 8(po, 70, B)), )
where z, is the (1 — a)-quantile of a standard Gaussian distribution with cumulative
distribution function ®.
[iii]

The test based on Ty (po, o, B) is locally asymptotically optimal
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Proof. See Appendix A. O

3.2. The Parameters Are Unknown

Here, we place ourselves in the framework of Model (1) with pg unknown. We
study the case in which v is known and the case in which it is unknown. We previously

(n)

studied the asymptotic normality of an estimator of pp under Hy and under H g - For any
t=1,...,n, p e RV and ¢ € RP(*+1) define
X —T(p+vOw(t),Xi—1)
Xi—1) = .
st(pr Y At 1) V(Xt—l) (8)

We consider the following additional assumptions:

(By)  The model is identifiable, that is, for 71, 72 € RPKHD g £ 40 = T(pg + 11 ©
w,x) #T(po+ 1 Ow,x), x € RY we {0,1}k+1,

(B2)  The true parameter pg has a consistent estimator p, that satisfies the Bahadur
representation (see, e.g., [29]), given by

NI
NI—=

n Y Y(po, Xi—1)R(et(po, 70)) + op(1), )

t=1

(pn —po) =n"

where

*  Y(x,p0) = (Y1i(x,p0),.--, Yp(x,p0)) " €RP.
. Foranyj=l,...,k+1,xeRd,EIQEOSuChthat

LY (po, )P4y () < .
. /R IR(x)PHf(x)dx < o and /R N(x) f(x)dx = 0.
(Bs) Foranyje{l,...,k+1}, he{l,...,p},

" Yg(po, x) oT ‘
11;1?;’7 /Rd V(X) a,)/j,h (pOr Yo, x) dF](X) < o0,
(By) Foranyi=1,...,k+1landj=1,...,p,thereexists aball B(r) of radius r, such that
oT
maxq sup [9,T(p, v0,%)llp, sup |19 | 57— | (p, 10, )|
pEB(r) pEB(r) Tij »

oT
sup af, (8 : ) (p, 70, %) < x(x), for some positive function x
pEB(r) Vij o
defined on RY,

(Bs) Forj=1,...,k+1,¢(=1,2,3anda,be {0,1,2,3},

. v b
AY) = /]R ) ("/‘Z‘x;")dg(x) < .

Remark 2.

e [n the literature, one can find numbers of models with functions T(po,.) satisfying (13,)
and (Bs).

o Assumption (1B1) is useful for the estimation of po, while (3;) helps for the study of the
distribution of the test statistic. It has been used before in [4]. It is satisfied by least-squares
and likelihood type estimators for some usual models within (1).
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Recall that, for any g € RP(**1), under Hy, the central sequence with the true parameter
po is denoted by I, (po, 0, B) and its estimated version by I'L,(pu, y0, B)-

Proposition 1. Under the assumptions (A1)—(Aqg) and (131)—(132), we have
[i] Under Hy:

Vit(pn — po) 2> N(0,%),

[ii] Under H én) :

Vilpn —po) 2 N(C, D),

where

k+1
C= /RN( dxz zﬁjh/ P(O'))ai?h (o, x)dF;(x) € RP

]/

and

k+1
z= [ ¥ dxia]/ Y(po, )Y (po, )dEj(x) € My (R).

Proof. See Appendix A. O

3.2.1. The Parameter g Is Known

As explained in [4], in practice, the case where the parameter 7 is known may be
encountered when there is no apparent change, and one wishes to test for possible weak
changes. That is the situation where 79 = 0. This is what is usually tested in the literature.
Recall that

+
7] PO/"YOr Z Z ﬁ]h.B] mrl]z (POr'YO)'

1<h<m<p

Note that, by our assumptions, the following real numbers

(1,m) g / 1 dT oT E
;7],2 (POI’)/O) (f) Rd VZ(X) a’)’],h (pOIIYO/x) ar)/]/m (pOI’YO/x)d ](x)
are finite. Furthermore, since forany j =1,...,k+1, 77]‘,2(400, v0) depends on py and on F,

which itself depends on py (which is unknown) and on 7, we estimate it by 17].(2"") (P, 70),
given by

7 (o, 70) T or
]2 ns :T a()/] B

oT
(Pn, 0, X )87- (Pn, 0, %) (10)
jm

Despite the fact that we consider any consistent estimators of #(po,yo, B) and
%(po, v0) = 17% (po, v0, B), we will take them here to be, respectively,

k+1
iTn(pn, Y0, B Z"‘] Z ﬁ]hﬁ]mﬂjz (Pnz')’O)

j=1 1<h<m<p
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and

—~ 1
ﬁn(Pn/ Y0, ﬁ) = 771% (Pnz Yo, ﬁ)/

where forallj=1,...,k+1, &]' is an estimator of &; which can be taken to be Ej = nj(n) /n.

Proposition 2. Under the assumptions (A1)—(A1g) and (B1)—(Bs), for any n > 0, we have, for
any sequence of positive integers s(n) such that n/s(n) — 0as n — +oo,
[i]

I (po, ¥0, B) = u(ps(n), Y0, B) +0p(1), (11)
[ii]

-~

ﬂ”(pnl Yo, ﬁ) — 19(100/ 'YO/,B>' (12)
Proof. See Appendix A. [

In order to test Hy against H ("), for any B € RP¥+1), we consider the following
statistic:

1T, (ps(n)r Y0, B)

771(ps n /70/ﬂ) = =
) ﬂﬂ(ps(n)r'YO/ﬁ)

Theorem 3 (Optimality). Assume that (A)—(Aqg) and (131)—(Bs) hold. Then, for any given
B € RPHY) and for any sequence s(n) of positive integers such that, n/s(n) — 0as n — +oo,
we have the following:

[i] Under Hy, as n — +00, Tu(ps(n), Y0, B) N N(0,1).
[ii] Under Hﬁ(;n), at the level of significance a €]0, 1], the asymptotic power of the test based on

the statistic Ty (ps(n), V0, B) 18 P ok = 1 — P(za — O(po, v0, B)), where zy is the (1 — a)-
quantile of the standard Gaussian distribution with cumulative distribution function ®.
[iiil The test based on the statistic Tu(ps(n), Y0, B) is locally asymptotically optimal.

Proof. See Appendix A. [J

3.2.2. The Parameter 7 Is Unknown

In practice, g is generally unknown and has to be estimated, as well as v,, where,
for any B € RPK) 4, = 44 4 B/+/n. Many methods can be used to obtain consistent
estimators of these parameters. Let 9, be the maximum likelihood estimator of o under
(n)

Hp and let 4, be the maximum likelihood estimator of 7, under H g - Then, we easily have

that in probability, asymptotically,
'Yn = '/Y\O,n + ,B/\/ﬁ

The above equality allows for the study of the test statistics in the same lines as in the case
where g is known.
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We need the following assumptions:

T
(P, v, %),

(B}) Foranym=1,...,k+1,h=1,...,p, for TTmi(p,q,x) =
a’)’m,h

maX{SuP [TV (p, v, x)|,up [0 T (p, ¥, %) | (k1)
¥ v

sup ||[05 T (p, %x)lllp(m)} <x(x),
v

for some positive function x defined on R¢,
(B)) Forj=1,...,k+1,u=1,23anda,bec {0,1,23},

w _ [ V)
0 = ) ) <
(By) V(Yo —v0) = Op(1).
Let s(n) be any sequence of positive integers satisfying n/s(n) — 0 as n — +oo. For
testing Hy against H é") , B € RP+1) we use the test based on the statistic

Hn(Ps(n)/ Yo S(”)"B)
Tu(Pstny Vos(n)r B) = =5 o, '
s(n) s(n) ﬁn(Ps(n)r'YO,S(ﬂ)"B)

Proposition 3. Assume that (A1)—(Ay), (1B1)-(Bs) and (13])—~(3%) hold. Then, for any sequence
s(n) of positive integers satisfying n/s(n) — 0as n — oo, for any sequence of consistent and
asymptotically normal estimators { %o, Yu>1 of yo and for any B € RP*Y), we have, under Hy
and as n — +o0,

L (po, v0, B) = 11n (ps(n)/ '/)70,5(71)/ B) +op(1).
Proof. See Appendix A. O

Theorem 4 (Optimality). Assume that (A1)—(Aqg), (B1)~(Bs) and (B} )—(1B%) hold. Then, for any
given B € RPEHY) e have

[il Under Hy, as n — +09, Tu(Ps(n), Yo,5(n), B) LN N(0,1).

[ii] Under H én), at the level of significance « €]0, 1], the asymptotic power of the test based on
the statistic
T (Ps(n)y Vo,s(n), B) 18 P ok = 1 — D(za — 8(po, Y0, B)), where zy is the (1 — a)-quantile
of the standard Gaussian distribution with cumulative distribution function ®.

[iii] The test based on the statistic Tu(Ps(n), Yo,5(n), B) 18 locally asymptotically optimal.

Proof. See Appendix A. [

4. Application to Detection of Change Points and Their Location Estimation

The time series at hand has jumps if the parameters of its distribution change at certain
times. The current test, applied to the model (1) adjusted to this time series, for testing the
null hypothesis of no change against at least one change, is conducted with a ¢y whose
components are all equal to, say, p1, the parameter of the stationary distribution on the first
segment [19, T1) : Yo = (P1,P1,---,P1)-

The test constructed in this work can do more than testing no change against at least
one change. To understand this, assume changes have been detected in the data by a given
method, and their locations have been estimated. This test can serve as a screening method
for finding possible missing changes by this method. In this situation, one can assume the
changes already detected as well as their locations as known. With this, all the components
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of 99 will no longer be the same, and some of the 7;’s in the model would be considered
known. Thus, our test can be used for testing the null hypothesis of : changes against at
least ¢ + 1 changes, for some given : € N.

For any k > 1, denote by 73le;< any estimator of the local power Py « of this test at
Tk = (11, ..., T), with the convention that Poro =a,a € (0,1), the level of significance.
Let{ € (0,.1) and X1, Xy, ..., Xm, (m << n), the m first stationary observations.
Our procedure for detecting changes in the time series X, Xp, ..., X;; and estimating
their locations is described in the following algorithm.
Location 1:
(A1): Take any t between 1 and m + j, so that there is a large number of
indices before and after  (for example t = [(m + ) /2]).
Adjust Model (1) to X3, ..., X;,4j with a potential change located at the time
_index t, and apply the testing procedure studied.
It |7)1,t - PO,T()' > é/
Put 1 = m + j and go to Location 2 (first change location estimated)
Else
Carry out j = j + 1 and go to (A1).
Location 2:
Consider the next 1 observations to X;: D, CONE P Xr1+h
Put j = 1 and conduct the following:
(A2): Take any t between 71 and 71 + & + j so that there is a large number of
indices before and after .
Adjust Model (1) to X¢, ..., Xy, 1 +j with a potential change located at the
time index t and apply the testing procedure studied.
If |731,t — Pyl > 8,
Put » = 7y + h + j and go to Location 3 (second change location estimated)
Else
Carry out j = j + 1 and go to (A2).
Location i:
Let 7;_1 be the change location at step i-1
Put j = 1 and perform

(Ai): Take any t between 7;_1 and T;_1 + I + j so that there is a large number
of indices before and after ¢.

Adjust Model (1) to Xy, ,, ..., Xr,_, yn+j With a potential change located at
the time index t and apply the testing procedure studied

If |751,t - PO,T0| >,
Put ; = 51+ h+j,i =i+ 1and go to Location i (ith change location
estimated)

Else
Carry out j = j + 1 and go to (Ai).

Note that simple 73k -+ can be obtained by plugging estimators of the parameters into
the expressions of the local power given in Theorems 2—4.

5. Simulation Experiment

In this section, the theoretical results are applied to simulated data, using the software
R 4.2.0. We first study the power of the test as a function of the magnitude of the breaks
when these are given. Next, we use the power for estimating the location of the breaks
when they are no more assumed to be fixed. The results we present in the sequel are
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obtained for the nominal levels & = 1%, 5%, 10%. Almost all the estimators in this section
are computed from 5000 replications. We use the following particular CHARN model:

Bjs
. = ) x2
Bia B2 (po’”%]'ﬁ\/ﬁ -
X = . —= : —= X_ e
t = po,1 + Y01 + i + | Loz + Y02 + n )

+ (014 0:X2 ey, j=1,...k teT, (13)

where n denotes the number of observations, (¢;); is a standard white noise with a differ-
entiable density f. Here, on [7_1,7;), po = (00,1,002,003) € R%, Y0; = (70j,1,70j,2 70j3),
Bj = (Bj1,Bj2 Bj3) € R3; pg, 01, 02 and 7 are parameters to be specified in each particular
model considered.

5.1. Simulation Methodology

Our methodology for conducting the simulation experiment works as follows. For
some given and fixed values of pg = (po1,002,003) and number of changes k, for
1 <j <k+1, we consider different values of the triplet B; = (B;1, B2, Bj3) corresponding
to the shift in the parameter on each interval [7;_1, 7j[, with B; = (0,0,0) (indicating no
changes in the first interval). This provides us with n;(n),j = 1,...,k + 1 observations in
the j-th interval. Subsequently, we utilize the model (13) to simulate these observations, to
which our algorithm (see Section 4) is then applied.

5.2. Power Study for Given Break Locations
5.2.1. 7 and f Are Known

Now, we treat a particular case of (13). We consider n = 100, n1(n) = 40, np(n) = 60,
Y0 = 0, f is the standard Gaussian density, 6; = 1, 6, = 0.02, pp; = 0.8, pg2 = 0.2,
posz = Pjz = 0, T(po + 'ij]-,x) = Po1 + Yjiw; + (po2 + ’yj,zwj)x, and fori = 1,2,
Yii = Y0j,i + ﬁ],z/\/ﬁ with ﬁ]‘li c [*10, 10], V(x) = V14 0.023(2, aT/a')/j,l (PO/ Yo, X) =1
and 9T /9v;2(po, Y0, %) = x. For j = 1,2, to study the behavior of the power as a function
of magnitudes of the changes, we fix one component of each ; and we compute the power
of the test as a function of the other components. The results are plotted on Figure 1, where
one can observe that the power grows quickly to one as the norm of the magnitude grows.

5.2.2. yp and f Are Unknown

As we said before, in practice, ¢ and f are unknown and must be estimated. While we
estimated 7 by the least-squares method, we estimate f by the Parzen-Rosenbatt estimator
(see [30]), defined by

-~ 1 1 X—:‘J\t
Filo = e LX) xem
where

o X T+ Ty @ w(t) Xim)

V(X;-1)

where p,, and 9, denote the least-squares estimators of py and vy, respectively, 1, is the
smoothing parameter, and K the kernel symmetric function having the following properties:

1. K(x) > 0forany x € R (positivity).
2. /RK(x)dx =1 (density).
3. /R xK(x)dx = 0 (by symmetry).

Now, we calculate the power of the test using these estimators. We choose a Gaussian
1o . - .
kernel K and h;,, ~ ou,n~ 5, with ¢, being the sample standard deviation. We consider a
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sample of n = 100 observations, 11 (1) = 40, ny(n) = 60 and we generate the observations
from (13). The results for pg; = 0.8, pg2 = 0.2, 003 = 0,6; = 1 and 6, = 0.02 at
the level of significance 5% are given in Figure 2. It is clear that the local power of the
test has approximately the same behavior for the standard Gaussian and the standard
Student densities. The results do not change significantly for Epanechnikov, uniform
kernel, quadratic kernel, etc.

Power

~l it
il \\ ll'
M.wl\‘ h'.‘." }
W
i \:‘.lllllll
j\“.l.l,
i
i

w\. I

i
i

_10-10

(a) 151,1 =2and ‘52/1 =25

Power

(b) 12 =1and By = 3.5

Figure 1. Power of the test with respect to § in a class of AR(1) models when f is a standard
Gaussian density.
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Power (Student case)

(a) Student case

Power (Normal Case)

(b) Normal case

Figure 2. Power of the test with respect to § in a class of AR(1) model when f is the kernel estimated.

5.3. Detection of Change Points and Estimation of Their Locations

In this subsection, we detect change points and we estimate their locations in simulated
data. Ref. [4] studied the case of changes only in pg ;. We start by evaluating the power of
the test in case of no break in the data. Next, we study changes in pg. Finally, we study
changes in pg; and pg simultaneously.
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5.3.1. No Break

Following the algorithm in Section 4, we start by calculating the asymptotic local
power given by (A8) in the case where there is no break, that is, for k = 0. We consider a
sample of n = 200 observations generated from Model (13), for 49 = 0 and f, a standard
Gaussian density.

For pg1 = 0.5, po2 = po3 = 02 = 0 and 0; = 1, the asymptotic local power of our test
with different levels of significance is plotted on Figure 3. We can see there that the local
power does not exceed 0.1012 when & = 10% and does not exceed 0.0507 when & = 5%.
Then, for any a = 5%, or 10%, for the thresholds corresponding to { = 0.002 and 0.0008,
respectively, we keep the null hypothesis and conclude that there is no break in the data.

5 E- ' ‘
: o | ' ‘ F
‘L IUM 1 |.| |
= | | | | T
0 50 100 150 200
Time
(a) No break (« = 5%)
-
g 8.
g_ | | | | T
0 50 100 150 200
Time

(b) No break (a = 10%)
Figure 3. No break in the data.

5.3.2. Case of One Single Break

Here, we consider the problem of detecting one single break when it happens jointly in
Po,1 and po,2- For & = 5%, n = 200, Po1 = 0.5, pop = —0.2 and 00,3 = 131,3 = 0, for different
values of 7y and B = (B1,1, B1,2); the estimation of the break location, as well as the root
mean square error (RMSE), is presented in Table 1. One can see from this table that the
estimation is accurate and that the RMSE is large for smaller ||B||.
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Table 1. Break location in an AR(1) model with the corresponding RMSE.

(6)

T
2 1 -2 -2 -3
() (2) ) &) G
80 78 (4.32) 81 (1.41) 82 (4.01) 80 (0.654) 80 (0.34)
100 99 (6.96) 99 (4.67) 102 (3.34) 101 (1.23) 100 (0.54)
120 122 (5.12) 121 (2.32) 119 (2.45) 120 (0.23) 121 (1.23)
140 143 (10.24) 142 (2.22) 141 (2.35) 140 (0.22) 141 (1.12)
160 164 (11.65) 164 (4.43) 162 (2.23) 161 (1.32) 161 (1.12)
185 188 (8.21) 189 (5.32) 190 (6.33) 190 (7.43) 189 (8.23)

5.4. Case of Three Breaks (k = 3)

Now, we study the case of three breaks when piece-wise models AR(1) and AR(1)-ARCH(1)
are adjusted to the data. Note that these models are sub-classes of CHARN(1,1) models.

5.4.1. AR(1) Models

We start with AR(1) models. For T = (1, 72, 13), the data are obtained from (13); for
j=123,p003=pBj3=006=0,6p =1, and (e;) is a sequence of standard Gaussian white
noise. The number of change points is assumed to be unknown, and we aim to detect them
and estimate their locations using our theoretical results and following our algorithm. For
5000 replications, n = 400, po = (00,1, p02) = (0.2,0.3), T = (11, 2, 13) = (90,190, 275),
for different values of the magnitude of change B; = (B;1, ‘lez)T, j = 1,2,3, and for
the same threshold { = 0.1%, the estimations obtained are displayed in Table 2 to-
gether with their associated RMSE (in brackets). These results seem to show that our
method tends to estimate the correct number of changes but overestimates their loca-
tions with a relatively large RMSE when the jumps in the parameters of the AR(1) mod-
els are too small. Again for an AR(1) model, for j = 1,2,3, we fix B; = ((3,2),(1,3),
(-1, 1))T, and the instants of breaks T = (90, 190,275), and we monitor the corresponding
break estimates with respect to the variation in the threshold corresponding to different {.
For { = 0.07%, our method overestimates the number of changes (six instants detected).
For = 0.1% and 0.15%, it estimates the correct number of changes but overestimates their
locations. For { = 0.25%, it underestimates the number of changes and overestimates their
locations. The overestimation of the break locations may be explained by the weakness of
the magnitude of changes. If we consider the same study for B = ((5,3), (-1 —2),(4,6)) ",
we obtain the same results for the number of changes, but with more accurate change
location estimations.

5.4.2. AR(1)-ARCH(1) Models

Here, we consider Model (13) for pg1 = 0.2, pp» = 0.3, B1 = (3, -2)T, B2 = (1,17,
By = (—-2,4)7,60; = 1,6, = 0.02 and pos = Bj3 = 0, j = 1,2,3, which leads to an
AR(1)-ARCH(1) model. For n = 350, Table 3 shows the estimation of change locations
corresponding to the same { and different magnitudes of change. We can see that our
method estimates the correct number of changes but overestimates their locations with a
relatively large RMSE.
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Table 2. Break location estimation in a class of AR(1) models for a fixed (.

(B1, B2, B3) T = (11, T2, 3) = (90,190,275)
and 7 = 0.1

[ 3 1 -1 (93,193,277) (5.78)
2 3 1

1 2 —1 ] (93,194,278) (9.87)
| 05 1 —1

) 1 —0.5 ] (92,193,277) (8.99)
| 15 3 —1 |

Table 3. Break location estimation in AR-ARCH models.

(B1, B2, B3) T = (11, T2, 3) = (90,190, 275)
and 7 = 0.1

[ 3 1 -1 (93,193,277) (9.43)
L 2 3 1

T 2 —1 ] (93,194,278) (10.64)
o5 |1] [ 1)

) 1 —0.5 ] (92,193,277) (6.10)
] [s] T 1

5.4.3. Conclusions

Based on the previous simulation results, we can conclude that our method is sensitive
to the choice of ¢, and is efficient in detecting weak changes and estimating their locations
in an AR(1)-ARCH(1) model we have considered when the magnitudes of the changes are
not too small.

5.5. Comparison with [27]

In a class of shifted models, Ref. [28] performed a comparison between her method,
which is a different case from ours, and other methods including the one of [27]. She
concluded that her method is more efficient for estimating weak break locations.

In this section, we compare our method to that of [27], denoted by SCUSUM, for a
class of more general models. Recalling Model (13), we consider many cases of one single
break corresponding to different instants 77, and we take pg3 = 13 =6, =0and 6; = 1.
For n = 200, &« = 5%, pg1 = 0.5, pop = —0.2 and different values of B1 = (B11,B12) we
perform 1000 replications, and at each replication, the change location is estimated by
SCUSUM and by our method. Table 4 shows the results obtained.

For most of the 1000 replications, SCUSUM was not able to detect any change. For
that reason, we kept only the cases where it detected a change, and we calculatec the mean
of the change locations estimated. The results are displayed in Table 4, from which it is
obvious that our method is more accurate than SCUSUM for the detection of weak changes
in the parameters of the AR(1) model studied.
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Table 4. Break location estimation obtained by our method and SCUSUM for different instants of
break 71 and different magnitudes of change.
A
B12

1 = 80
2 1 -2 —2 -3
1 2 1 3 2
Our method 83 81 82 80 80
SCUSUM 95 99 86 122 99
7T =120
Our method 122 121 121 120 121
SCUSUM 110 114 105 125 122
71 = 185
Our method 189 188 186 186 185
SCUSUM 105 103 122 114 101

5.6. Application to Real Data

Here, we applied our methodology to detecting changes in the log S&P stock price
data obtained from the website https://finance.yahoo.com/quote/, accessed on 1 May
2024. These daily data cover the period from January 1992 to December 2000 and represent
one of the most closely followed stock market indices worldwide, serving as a significant
indicator of the U.S. economy. The raw data exhibit a trend, which shows that the S&P
500 index is non-stationary (see Figure 4). With this, our methodology can not be directly
applied to this series.

Let P; denote the S&P 500 stock price index on day ¢, and define X; as

o)
t7

The function log being monotonic implies that the change-point locations in (P;),
(log(Pr)), and (X;) are identical. Graphically (refer to Figure 5), X; appears to be approx-
imately piece-wise stationary over a finite number of segments, which aligns with the
requirements for applying our methodology to study changes in the raw data.

Daily stock prices for SPX index

' MM}NWM

)
t5=1998.02-09
IF
!

4 {/
1,=1996-07-11 ,'M ‘}(ﬂ 15=1998-11-02 Tp=1999-10-13
A

1, =1998.06-22 T=1999.03-17

1400

1200

1000

800

Y
Ph o
/‘W*\/‘/ /X,J /
1, =1992-11-11 1,=1994-03.03 3= 1995.02-14 M’/W
P
/

600

7
P el N\M%W'\ﬂ’m*/“ \'W”“/
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T T T T T
1992 1994 1996 1998 2000

Date

Figure 4. Estimated change points in the S&P 500 indices.
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Daily stock returns rate for SPX index

7 =1992-11-11

1 =1997-07-14 1999-03-17
1, =1994-03-03 T4=1996-07-11 s =1998-02-09 15 =1998{11-02 Tyo =1999-10-13
1,=1995-02-14 1, =1998-06-22

T
1992

T T T T
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Figure 5. Estimated change points in the residual series of S&P 500 indices.

To accommodate these characteristics, we adjust the CHARN model X; = ﬁj //n+
0;e; within each segment [7;, 7;;1), where & ~ N(0,1). The Gaussian assumption is
validated by applying the Shapiro-Wilk test.

Then, applying our procedure to this model, we obtained the following break location
dates: 1992-11-11, 1994-03-03, 1995-02-14, 1996-07-11, 1997-07-14, 1998-02-09, 1998-06-22,
1998-11-02, 1999-03-17, and 1999-10-13. The changes occurring in 1992 can be linked to the
damage caused by the hurricane Andrew or by the Europian Monetary System crisis. The
one in 1994 can be associated with the U.S. lifting of the trade embargo on Vietnam. Those
in 1995 can be due to the bankruptcy of the Barings bank. That in 1997 may be associated
with the Asian crisis. Those in 1998 may be connected to the rescue organized by the New
York Federal Reverve Bank. Finally, those of 1999 can be associated with the cancellation of
the 1933 Glass—Steagall Act by the so-called Grammi-Leachi-Bliley Act.

6. Conclusions

We generalized the work of [4] to a class of more general CHARN models. We studied
weak breaks in the parameters of the function T when the function V and the parameters
po and 7 are known. We established a LAN and contiguity results. We given an explicit
expression of the local power of the test.

Next, we studied the case where pg is unknown and 7 is known or unknown. We
estimated these parameters, and proved the convergence of the central sequence based on
the estimated parameters to the one based on the true parameters. In this case, we proved
that the test remains optimal if we replace the parameters with their estimators. From
these results, we used the theoretical power for detecting weak breaks and estimating their
locations in time series through an algorithm that we constructed.

The simulation experiment conducted shows that our method can detect weak breaks
in the parameters of the linear AR(1) and the non-linear AR(1)-ARCH(1) models considered.
Also, the location of the breaks as well as their number can be accurately estimated when
the magnitudes are not too small.

Compared to [27], it seems to be more efficient for estimating weak break locations.
Sometimes, the method in [27] detects breaks in data simulated with no break. This did not
happen with our method when we chose a suitable {. Our method was also applied to a
set of financial data.
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Appendix A. Proofs
This section provides the proofs of the results stated in the preceding sections.

Appendix A.1. Proof of Theorem 1

For any B € RP(c+1) the log-likelihood ratio of Hy against Hl(;") is given by

(P, 70, B i{log{f (er(po, 1)) — loglf (&1 (po, 70))] - (A1)

First, we show that as n — 400, ®,(po, 0, B) decomposes into

®7’1(P0/ Y0, ﬁ) = HH - Ai’l + OP(]-)r

where
B = 50 L gac 7B MO0 X 1) B0} er(po 20
n 2n = VZ(thl) Y0, At—1 ' +(Po, Yo
_‘/();lt_l)ﬁTH('YO/Xt1)ﬁ¢f[€t(p0,')/o)]}, (Az)
_ 1 ¢ 1 -
Hn - tX:l{ Xt, )ﬁ N(’)’O/Xt_l)gbf[fft(po,fyo)]}’ (A3)
and

.
© NOXer) = (@B [Tleo 7, Xi-1)], - @i (D3 [Tloo 7 Xi-1)]) - € RPELD,
andfori=1,...,k+1,w; €{0,1},

M1 (')’/Xt—l) 0 PN 0
0 Mo (7, X;— :
® M(W/Xt—l) - ) 2(,)/ t 1) S Mp(kJrl)(R)/
: . . 0
0 e 0 M (v, Xe-1)

where 0 € M, (R) is a null matrix and forany i =1,...,k+1,

M;(7,X-1) = wi(t)
oT
a’h',l

oT
(PO/ e Xt—l)w (pOr Y, Xt—l)

T oT
X,
(Po, ¥, Xi-1)5— i (Po, 7, X¢-1) i

a’)/z 1

aT AT Y
LY X LY, X .
a,)/lp(po Y )a’Yi,l (pO Y, At 1) a,)/i,p

€ My(R),

oT
(PO/ Y, Xt—l)m (PO: Y, Xt—l)



Mathematics 2024, 12, 2092

21 of 40
Hl (’)’,Xt_l) 0 ce 0
0 Ho(y, Xe—1) - E
o H(vXi1) = . 2(7 t-1) ' € Mp(k+1)(R)/
: . . 0
0 e 0 Hyr1(r,Xe-1)
where, fori=1,...,k+1, ,
°T °T
7 /X . 7 ,X —
a(yll(po ,Y t— 1) a%’,pa%,l (PO ’Y t 1)
Hi(v,Xe1) = wi(t) : : € Mp(R).
°T °T
—(po, 7, Xi— —(po, 7, Xi—
a’)/i,la'Yi,p (PO VAt 1) a,)/lz (PO VAt 1)

Applying a first-order Taylor expansion on log { f[e:(po, )]} in a neighborhood of 7,
we obtain, for some 7 lying between ¢ and 7y,

log{ flet(po, 1n)1} — log{fle¢(p0, 10)]} = (7a — 70) " (Do llog(f{er(v)})Dh=a0
43 (v —20) " Hy [log(f(er(m D] hos(rn — 70).
To simplify the study, we calculate all the expressions we need.
*  Dylec(po,v)] =
*  Hylet(po, 7)) =
+ Dy [log(F{erlpo, D] = 5 NOw X)o7

= =Dy [e(po, )] ¢rler (o, 7)),
+ Hy (log{fTe oo 11}) = ~ T MOn X145 e (oo, )

1
—————N(v,Xi-1),
V(Xt—]) (’y t l)

_\/()(1t1)H7[T(p0' v, Xi-1)],

+V(X1t1)H7 [T(po, v, Xi-1)[@¢ler(po, 7))

_ _W()l(tl)M(v,xtl)cp}[st(pm)]

—H, [et(po, 1)) dler (po, 7))
Then,

]
o5 (/T 1]} = Tog (e )]} = = X g e, )
1 1

_ ﬂ |:V2(th)ﬁTM(’7, thl)ﬁ(]b} [St(POr '7)}

| I

B % [V(xltl)ﬁTHv [T(po, ¥, Xe-1)] Boslet (o, '7)]]-

Now,

1 n
©u(po, 70, B) = =7 Y ——— i Xt TN('YOrXt—l)¢f[5t(P0/')’O)]
] _

t=
2171 té Vz()lg_l)ﬁ M(¥, Xi—1) Byl (po, 7)]
18 1 N N
5, t:Zl mﬁTH(%Xt—ﬂﬁ%[&(po,’Y)],

where, observing that for any t and for any i # j, w;(t)w;(t) =0,
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M (7, X¢-1) 0 . 0
_ 0 My (7, X :
MEX) =] 2% Xe-1) € Myjpon) (),
: . . 0
0 e 0 Mp1(7,Xe-1)

with 0 € M, (R) standing for a null matrix and

Mi(:);/xt—l) =
oT oT oT oT
,~,X, YV /~/X7 By /~/X7 By ,N/X7
i (Po, 7, Xt 1)8%,1 (Po, 7, X¢-1) P (Po, 7, Xt 1)87,»,,, (Po, ¥, X¢—1)
wy () :
T oT oT oT
,~,X, Y ,~,X, s N r~rX7 YV /~/X7
a%/p(Po ¥, X 1)9%1 (o, ¥, X¢—1) a%,p(Po ¥, Xt 1)8%,,7(‘00 ¥, Xe-1)
€ My(R),
Ha (7, X¢-1) 0 0
~ 0 Ho (7, X;— :
HExX)=| (¥ Xe-1) € My (R),
: . . 0
0 e 0 Hpr1 (1, Xe-1)
with
92T 9*T
N 0 7 ~/X — 5.  AN. 7 "”X —
a7, (Po, ¥, X¢—1) I (Po, ¥, X¢-1)
Hi(¥,Xi—1) = wi () : : € My(R).
o*T 9*T
7 N/X — 7 ~,X —
a%la%p(Po ¥, Xe-1) a%z’p (Po, 7, Xe-1)
Let
KT Xe1) = = Y o BT M(T, X, 1) B} let (00, 7))
s N—1 n = V2<Xt,1) 7N —1 f t\P0,
by BT (T, Xe ) ) Bl (o0, 7))
2n = V(Xt_l)
Using (A3), we have E{g¢flei(po,7)]} = 0, E{¢flei(po,7)]} = I(f) and

E{|¢f[et(po, )]} < oo. Now, using (A4) and the ergodic theorem, from a simple cal-
culation, we can prove that

_ P
(¥ Xi-1) = x(v0, Xi-1) |~ O

It results from above that

®n(PO/ Yo, ,B) =1L, — Ay + OP(l),

where A, and I, are defined by (A2) and (A3), respectively.
Now, we study of the asymptotic behavior of A, under H.
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By the piecewise stationarity and ergodicity, for any j = 1,...,k + 1, we can write,
almost surely,

1 k£1
ngriw An Y Z 0(] Z IB],]’!:B] erI], (pOI ) M,

j=1 1<h<m<p
with
(h,m) _ / 1 aT oT '
17],2 (POr ’YO) I(f) Rd Vz( )a,)/] (p0/ Y0, X )a,)/],m (p()/ Yo, x)dF](X).

Thus, we can write

0, =11, — 4ﬂ(p012’)/0’ﬁ) +0P(1)'

Now, we prove that under Hy,

11, 2 N(0,7(po, 70, B))-

We consider the sequence

1 L1 .
®n/j Z (Xt ):BTN<’YO/Xt71)¢f[£t(pO/’YO)L ] = 1,...,n,
n /= _

and we define forevery t =1,...,n,

s — ﬁw;tl)ﬁwwo,xt_nmet(po, o)l

We use Corollary 3.1 of [31] to study the asymptotic behavior of ©, ;.

It is easy to prove that {(@n,]-, Fi),j=1,...,nis a martingale sequence.

Using the fact that ¢; is independent of F;_; for t = 1,...,n and using the ergodic
theorem, we can show that, almost surely,

k+1

h,
lim ZE pri ) =Y o Y ﬁj,hﬁj,m’?]'(lzm)(PO/YO) = 17(po, v0, B)

nr e f j=1 " 1<h<m<p
< 0o,
which shows that the first condition of Corollary 3.1 of [31] is verified. It remains to check

the Linderberg condition. Let € > 0; by the Holder inequality, using Markov inequality
and the ergodic theorem, we can write that as n — oo,

1=

E(‘P%,tl\lpn,t\>e|}—t71> ﬂ> 0.
t

1

Then, the conditions of Corollary 3.1 of [31] are completely verified, so that under Hy,
we have

Hn(po,’)/o,ﬁ) £>'/\/’(Ofrl(p()/'Yorﬁ)) (A4)

Consequently, under Hy, we have

®n(p0/ ’YO/,B) A N( - Mﬂ(!’or Yo, ,B)) (A5)
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Collecting the above results, the LAN property is established with the central sequence
IL:(po, v0, B)-

Appendix A.2. Proof of Corollary 1

Forany 8 € RP(*+1) from Theorem 1, under Hy,asn — +oo,

HH(POI 'YOrﬁ) 2} N(Ofﬂ(p()/ Yo, ﬁ))

It results that, under Hy, as n — oo,

®n(p0170/ﬁ) £> N( - MW(PO/'YO/[;))-

Then, it is easy to see that under Hy, as n — 400,
0
L, (70, B) ) D <77(Por Y0, B) 012 >
— N 7 ’ 4
(G)n (Po, 70, B) - M 021 1(po, Y0, B)

where 0, =01 = ngrﬂoo Cov(I1,,©,) = nggw[E(H"GD”) — E(I1,)E(©y)].
Since E(IT,) = 0 and

ngmm]E(@an) = lim [JE(H,%) *E(HnAn)} = 11(po, v0, B),

under Hj, we have

I (po, 70, 0 Y0, Y0,
(rgm?) 2 Lutmn ) (o)t B)) o

Using [32] or [33], we obtain that the sequences {Hén) :n>1}and { H(g") =Hy:n>1}
(n)

are contiguous, and that under H g sasn — +o0,

I (po, 70, B) = N (5(po, ¥0, B), 171(po, 70, B))-

Appendix A.3. Proof of Theorem 2

From Theorem 1 and Corollary 1, we can conclude immediately that, under Hy, as
n — +oo,

T (po, 70, 0 Y0, Y0,
(g ) 20 Latmn ) (o) snB)) o

Part [i] is a direct consequence of Theorem 2 and is briefly explained in the proof of
Corollary 1.

As explained there, the sequences of hypotheses are contiguous, and under Hgl), as
n — +oco, we have

HH(POI'YOIﬁ) 2) N(*](PO/ 'YO/ﬁ)'U(PO/')’OI.B))'

By (A6) and the Le Cam’s third lemma (Proposition 4.2 in [32]), under Hl({l), asn — +oo,

T (o, 70, B) — N (11(po, 0, B), 1(P0, 10, B))-
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We recall that, under Hy, as n — oo,
n(po, v0, B) — ®(po, 10, B),
where 19(.001 'YOfﬁ) =V W(PO/')’OMB)‘ ()
n

This convergence remains true under H 8 by contiguity. From Theorem 2, it can be
seen that, as 1 — o0, under H,

Ta(p0, 70, B) — N'(0,1).

Thus, by the Le Cam’s third lemma, we can conclude that under H én), asn — +oo,

I, (po, 70, 8) D N (8 1
4§n<p0,70,ﬁ) — ( (PO/’)’O/ﬁ)’ )

Indeed, for n > 1, we can write

H”(pOI’YOI.B) _ Hn(PO/’YOrﬁ) > ﬂ(PO:'YOrﬁ)

@n (p(), Yo, ,3) 19(pO/ Yo, ﬁ) an (PO/ Yo, ﬁ) .

From which it results that, under Hén) and as n — oo,

Hn (PO; Yo, .B) D
— s N(8(po, Y0, B),1).
19(P0r’)’01ﬂ) ( (PO Yo ﬁ) )
For parts [ii] and [iii], to calculate the asymptotic power of our test statistic, we calculate
IT
the asymptotic cumulative distribution of M under H’(gn). We have
On (pOr Yo, ﬁ)
tim p(TnlP00B) ) g p(UlP000B) )
n=r+e" \ 8, (po, v0, B) B n—+e \ 9(po, v0, B) p
=1- CD(ZDC - ﬂ(p()r Y0, ﬁ)) (AS)
= Pk,Tk’

where @ is the cumulative distribution function of a standard Gaussian law with z, its
(1 — a)-quantile.
By Section 4.4.3 of [33], the test based on 7, (po, Yo, B) is locally asymptotically optimal.

Appendix A.4. Proof of Proposition 1
Appendix A.4.1. Proof of [i]

From the Bahadur representation (9), as in [34,35], we consider the following sequence:

j
1 .
R,;=n"2) Y(po,Xi—1)R[er(po, v0)], j=1,...,n.
i=1

and
1 ]
u' Ry = — Y yi(u) €R, where yi(u) =u'Y(po,Xe—1)R[er(po,70)],
=1

u e RP.

It is easy to see that uTRnJ- is centered for every j = 1,...,n. Since E{XN[e;(po, y0)]} = 0
for any t € N, from a simple calculation, we prove that {(uTRn,]-,]-"]-),j =1,...,n}isa
martingale sequence.
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We check now the first condition of Corollary 3.1 of [31]. Since ¢; is independent of F;_1
fort =1,...,n, we can write

t=1
_ HZ; ”1‘1(1”) Z]; {u Y(po, X;— 1)}2E{N2[5t(f’0/70)]}'
j= t=1;_

By the assumptions (B3), (B3) and the ergodic theorem, for j = 1,...,k + 1, we can write

i ¥t B (o0 0} = {uMpO,x)dej(x)
/ R2(x) f(x)dx < co.
Then,

ZE{ ﬂt P} 2 s = [ W) f(x)dx

k+1

X 206]/ u Y po, dF](x)

Finally, we check the Linderberg condition, that is, the second condition of Corollary 3.1
of [31]. In this purpose, we prove that, as n — oo,

ZE{[n ]

Let € > 0. By the Holder inequality, and Markov inequalities, we can write

1
n=2yp(u)

>€

]-'tl} 225 0.

S YevE L b 14T (po, Xe—1) IPE{ IR et (po, v0)]I° }-

j—1

By the piece-wise stationarity and the ergodic theorem, for j = 1,...,k+ 1, we obtain
almost surely that

k+1
nﬂiﬂwxlr 2 ”J ( ;n)t;l 14T (o Xe—1) IPE{ IR et (o, 70)]1? }) =0
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Then, using Corollary 3.1 of [31], we conclude that, under Hy, we have

u'\/n(py — po) 2 N0, uZu).

which implies that, under Hy and as n — +oo,

Vii(pn — po) 2> N(0,5)

where X is the covariance matrix defined as
) k+1
Y= /RN (x)f(x)dx er]/ (p0, )Y (po, x)dFi(x) € Mp(R).

Appendix A.4.2. Proof of [ii]
We recall that under Hy, as n — o0,

Vi(pu — po) = N(0,%),
®u(p0, 70, B) = N( - M/T](p()r ’YOI.B)>,

where

k+1
npo,v0,B) =Y a; Y, ﬁ,hﬁjmﬂjz (00, 70),

j=1 1<h<m<p

with
(h,m) _ / 1 dT oT '
15" (po,v0) = I(f) wt V2(x) 9731 (Po,vo,x)ia,yj,m (po, v0, x)dFj(x).

We consider the sequence Q, = /n(py — po). By Le Cam’s third lemma, under Hy, as

n — +oo,
Qn D 0 w
(@n(Pof Yo, .3)) - N ( (_W) ,H) ,

where

== li VQV(QH) (COZ)(Qn/ ®n)
=T e Cov(Qu,®y)  Var(®,) )’

Cov(Qu, @4 (0,10, B) = Cov (Qn,mmo, w0.p) - 100

7 [E{ e N0 X )arteoo 0]

1
E(Qn)E{V(th)ﬁTN(')’Ozxt—l)}E{(Pf[st(POr')’O)]}}-
Since E{¢flet(po,v0)]} = 0, ngnlooE(Q") = 0, & is independent of

Fi—1, E{X[et(po, 70)]} = 0, and using the stationarity and the ergodic theorem, we can
easily see that

(COU(QI’II ®}’l (pO/ Y0, ﬁ) —_— C/

n—-+oo
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where

C= [ Nt dXZ%w]Zﬁ;h [ e B ) ).

V(x) iz

Then, under Hy, we have

(A R ey N |

2
n)

From this result and Le Cam’s third lemma, under Hl( , as n tends to +o00, we have

Viilpn —po) = Qu 2 N(C,2).

Appendix A.5. Proof of Proposition 2
Appendix A.5.1. Proof of [i]

We prove the convergence of the central sequence (4) to its estimated version in order
to verify that the test still be optimal when we replace the parameter by its estimator. For
any p € R? and v, B € RP(+1), we define

n(p, v, B ZIOg{ {St <p,7+ \fﬁ)] } —log{flet(p,7)]} +op(1).

Then the log-likelihood ratio of Hy against Hgl) is ©(po, vo, B)- For p, lying between p,
and pg, we write a second-order Taylor expansion of I, (po, o, B) around p, and obtain

pn, Y0, B) + (PO*Pn)TapHn(Pnr')’O/ﬁ) (A9)

(Po — pn) af,Hn (P, 70, B)(po — pu)-

Hn(pO/r)’O/ﬁ) (
1
*3

We wish to prove that, under Hy, as n — +co,

(po — Pn)TapHn(Pnr’YOr B) = op(1) (A10)
1 ~
5 (0 = pu) "I (P, v0, B) (Po — p) = 0p(1). (A1)
In order to simplify the notations, let T7mt = 0T /9, .

1

ﬁagnn(ﬁm%rﬁ)
12 k+1 p _
= ). V( Y B0 (T7) (B, Y0, B)y €+ (Pn, 70)]
t=1 —1/ m=1h=1
5 1 k1 . o
- VZ(Xt n) B n0p (T71) (P, ¥0, B)9p T (P, Xe-1) P¢[er(Pn, 0)]
t=1 m=1h=1
1M k+1 p S , B
. Z Xt D Z B T (0n, v0, B)Op T (P, Xe-1) ¢ler(Pn, v0)]
t=1 m=1h=1
k1 p

+
S| =
M:
M

7mh 9. T 3
V (Xt 1 ,B hT Pnr'YO/,B)apT(Pn/thl)ap T(Pnlefl)

4)}[ (Pn/ ’)/0)]
= Al,n (Pnr ,YO/ ﬂ) + AZ,?I (ﬁn/ ,YO/ ﬂ) + A3,1’l (ﬁ”/ 'YO/ ﬁ) + A4,n (ﬁ”/ 'YO/ ﬁ)

-
I

m=1h=1
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By a multiple use of a Taylor expansion, by the assumptions (B4), (A9), by the ergodic
theorem, from a simple calculation, we prove that, for i = 1,...,4, [||A;,(pn, Y0, B)|||p
is bounded.

Thus, as n — +oo, (1/+/n) |[|9511x(pn, Y0, B)||| tends in probability to a finite posi-
tive real number, denoted by b.
Recall from (A11) that, as n — 400, we have

1 ~

5|(Po = i) T21L: (B, 70, B) (P — 1)
1 1 ~

< 3 IViteo = )| =25 110(8w 20, || lleo =l

1
< EH\/H(PO - Pn)HpHPO = Pall, x b,

Since under Hy, as n — 400, we have

Vii(po = pn) 2> N(0,%),

it results that

1 -
E(PO - Pn)Ta%Hn(Pn/ 70, B)(po — pn) = op(1). (A12)
From (A12), we can write

Iu(po, Y0, B) =1Ln(pn, 0, B) + (Po = Pu) ' 0pTLn(pn, 0, B) +0p(1).  (A13)
Now, we prove that
(Po - Pn)TapHn (Pn,’)’o,,B) = op(1).

Adding and subtracting appropriate terms, as n — 00, we can write

ITu(po, v0, B)
= TLy(pw, Y0, B) + (P0 = Pu + Ps(n) — Ps(n))  OpTLu(Pn, ¥0, B) + 0p(1)
= L (o, ¥0, B) + (0 — Ps(n))  9pTLn (P, Y0, B) + (0s() — ) " 3pTLa (P, Y0, B)
+op(1),
where {s(n)},>1 stands for a sequence of positive integers such that n/s(n) — 0

asn — +oo.
Observing that, as n — +oo,

Vi(po = psiw) T = \/s(1)(p0 = ps) T X | == = 0p(1),
s(n)

it is easy to see that,

1
(o= Ps(n)) " OpTTu(pn, ¥0, B) = V(0 — Ps(n)) " —=pTLu(pr, Y0, B)-
Vn

Then, it suffices to show that d,I1,(px, Y0, B)/+/n converges in probability to a random
vector. For this, we can write the following decomposition:

1
apnn (Pnr Yo, ﬁ)

1 k+1 P

- % Z V(X 1) Z p ﬁm,haP(T%"h>(Pnr ')’let—l)¢f[8t(.0n/ ')’O)]
—Y/ m=1h=1
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1 n 1 k+1 p ,
- V2% 1) Y Y Bun T (P, ¥0, Xe-1)0p T (P, ¥0, Xe-1) ¢l (Pn, Y0)]
t=1 —1/ m=1h=1

= U1,n (Pnl Yo, ﬁ) + O2,n (Pnr Y0, ﬁ)

Using the assumptions (B4) and (As), and the ergodic theorem, since ¢; is independent of
Fi—1, the study of the asymptotic behavior of U1 , (px, v0, B) and Uz, (pn, vo, B) shows that,
asn — +oo,

P
Ul,n(pnz Yo, ﬁ) —0¢c RP.

Thus, [[G2,1(pn, 0, B)||, tends in probability to a finite positive real number. Consequently,

1
7apnn(Pn/’)’0/ B)|| < I1B1ulpn 0, B, + 182,u(pn, 70, B, < 0.
\/ﬁ P P

P
It results that
(Po = Ps(n) " 9pT T (P, Y0, B) = 0p(1).
Hence,
I (po, 70, B) = (P, 70, B) + (0sn) = Pu) 0pTln(pu, 70, B) +0p(1).  (A14)

In order to treat the above equation (A14), we need the following lemma.

Lemma A1l. Assume that (3;) holds. Let {s(n) },,>1 be a sequence of positive integers such that
n/s(n) tends to 0 as n — +o0. For 7y, B € RP(HT), Ps(n) is asymptotically in the tangent space
T}, to the curve of 11, (p, vy, B) at pa, defined as follows:

Ty = {Z € RP/1II,(z, Y0, B) = I (pn, Y0, .3) +(z— Pn)TapHn(Pn/ 'YO/ﬁ)}-

Proof. Writing a second-order Taylor expansion of I, (o), Y0, B) in a neighborhood of
P, for some p(,,) lying between p,,,) and p,, we obtain

L (05(n), Y0, B) = TLu (0, Y0, B) + (Ps() — ) " 3pT 1 (P, 70, B)
1 _
+ 2 (ps(n) - Pn)Ta;z)Hn (ps(n)/ Yo, ﬁ)(ps(n) - Pn)

To prove that, as n — +09, p,(,,y belongs to T, it suffices to show that (py,) — pn)Taf,Hn

(Ps(n) 10, B)(Ps(n) — Pn) = 0p(1).
To find the asymptotic distribution of v/n (Ps(n) — Pn), we add and substract appropri-
ate terms and we obtain

V1(ps(n) — pn) = \/8(1) (Ps(m) — Po)\/ﬁ +Vn(po — pn)

op(1) +vn(po — pu)-

Then, asymptotically, /7(p5(,) — pn) has the same distribution as \/71(pg — p»). This means
that \/n (ps(n) — pa) converges in distribution to a normal law.



Mathematics 2024, 12, 2092

31 of 40

Now, to prove that (p,(,) — pn)Taf,Hn(ﬁs(n), Y0, B)(Ps(n) — Pn) = op(1), it suffices to
show that the sequence 8%, I (Ps(ny, Y0, B)/ \/n converges in probability to a random vector.
Recall that

\/* pHn (Ps /'YO/ ﬁ)
= D1 (Ps(n), Y0, B) + B2n(Ps(n)r V0, B) + B3,n(Ps(n), Y0, B) + Bau(Ps(n), Y0, B),

where {s(n)},-; stands for a sequence of positive integers such that n/s(n) — 0 as
n — +0o, py is given by (55,), and py,,) lies between p,(,,) and py.

We have, as n — +09, [|05(n) — poll < [[Ps(n) — pol 2%, 0, then,

ﬁs(n) —po =op(1).

For some p, lying between p,, and pg, we proved previously that || |8%I_In (P v0, B)II|p/ /1
converges in probability, as n — +oo, to a finite positive number. By following the same
lines, we can prove that |[|9511, (fs(), ¥0, B)|||p/ /1 converges in probability to a positive
finite number, where p; ;) lies between p,(,;) and py. Consequently,

(ps(n) - Pn)Ta?JHTl(ﬁs(n)/ ’)’Orﬁ)(ps(n) - Pn) = OP(l)‘
O

It results from Lemma Al that, as n — o0, p,(,,) belongs to the tangent space Ty.
Thus, by replacing z by py(,,), we obtain

L (05(n), Y0, B) = TLu (P, Y0, B) + (Ps() = ) 9pT (P, Y0, B) + 0p(1).

Finally, recalling (A14), we obtain

Hn(PO/ Yo, ﬁ) = Hn(ps(n)/ Yo, .B) + OP(l)'

Appendix A.5.2. Proof of [ii]

To prove (12), it suffices to show that, as n — +oo, 7, (pn, v0, B) — 1(po, v0, B). For
any B € RP+1) we have

iTn (P, 0, B) — 1(po, 0, B)
k1

= Z Z ﬁ] h,B] m {“]77] 2 )(ﬁn/'YO) - 04]"7]{2'"1) (PO/ ')’0)}-

j=11<h<m<p

We add and substract appropriate terms and we obtain

ﬁn (ﬁn/ Yo, ,B) - U(PO/ Yo, .B)
k41 (hm) (hm) (h,m)
=2 X BiBin@ =)™ (P v0) — 15" (Po,v0) + 115" (Po, 10)]

j=11<h<m<p

k+1
Y X BuBnaliy™ (Buv0) = 15" (o, 70)] (A15)

j=11<h<m<p
k+1

=Y X BiBin | @ — )5 Bar0) — 15" (po,v0)

j=11<h<m<p
k+1 m) (hm)
+ @ =y o) |+ X BBl Buv0) = 15" (o, 10)),

j=11<h<m<p
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where, forh =1,...,p,

-
—(h,m) O I(f) ¢ 1 T oT

i 7 - Y 7 /x EY 7 Ix .
2 (po,v0) ni(n) t:XT];] V2(x) o7y (po, 0 )37j,m (o, Y0, %)

Forj=1,...,k+1and h = 1,...,p, using the assumption (Ag) and the fact that the
1 9T
functions v ai are bounded, it follows from the Lebesgue’s convergence theorem that
ih
each term in the right-hand side of (A15) tends to 0.

Appendix A.6. Proof of Theorem 3
Appendix A.6.1. Proof of [i]
The statistic that we study is

Hﬂ(ps(n)r 'YOrﬁ)
Tn(Ps(ny 10, B) = =———.
" ﬂn(Ps(n)r')’Olﬁ)

We proved in Proposition (2) that

I (Ps(n)- 70, B) = In(po, 70, B) + 0p(1).

Also, we proved that, as n — +oo,

~ P
B (Ps(n)- 70, B) = ¥(po, Y0, B)-

Then, under Hy and as n — +o00, we have

{9\” (ps(n)/ Yo, ﬁ)

1m = 1/
n—+eo 8(po, v0, B)

and
HW(PO/ Yo, ﬁ) + OP(l)
O (Ps(n), 70, B)

_ Hn(pOI'YO/ﬁ) % Aﬁ(POr'YO,ﬁ) + - 1
19(PO/ Yo, ﬁ) ﬁn(ps(n), ')’O,ﬂ) ﬁ”(ps(n)/’)’()/ ﬁ)

~ Tu(po, v0, B)-

Appendix A.6.2. Proof of [ii] and [iii]

Tu(Ps(n), Y0, B) =

x op(1)

The convergence of 8, (Ps(n), ¥0, B) to 8(po, y0, B) remains true under the local alterna-
tives Hén) by contiguity. Then, under H;;n) and as 1 — 400, using Le Cam’s third lemma,
we have

I, (ps(n)' Y0,B)

E(Ps(n)/’)’ozﬁ) = W = N (8(po, 70, 8)., 1),

which shows that the power of the test remains the same.
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Appendix A.7. Proof of Proposition 3

The proof relies on a number of lemmas that we state and prove.

Lemma A2. Assume that (Aq)—(Ayg), (B1)—~(Bs), and (B|)—(B}) hold. Then, for any sequence
s(n) of positive integers satisfying, as n — +oo, n/s(n) — 0, for any sequence of consistent
and asymptotically normal estimators {¥on }n>1 of yo and for any p € RPK+D) under Hy and as
n — 4090,

I (po, v0, B) = u(po, ;)’\O,S(n)r B) +op(1).
Proof. For any p € R? and (v, B) € RP(+D) x RPK+1) for 4 , the maximum likelihood

estimator of g, we write a first-order Taylor expansion of IT,(po, 70, B) in a neighborhood
of 40,, and we obtain, for some 7, ,, lying between ¢ and %p,,,

IT, (PO/ Yo, ,B> =11, (PO/ 'fY\O,n/ .B) - ('/)70,71 - 'YO)Ta'yHn (PO/ '/)70,11/ ﬁ)
+ ('/)70,71 - 'YO)TazyHn (PO/ 70,;1/ .B)('/);O,n —Y0),

where

831 I, (PO, %O,n' ﬁ) s a’2Y17pH" (PO/ %O,n/ ’B)
0311 (o, Yo.ur B) = : : € My
a%p'ylnﬂ (POI 70,;1/ ﬁ) s a%pnﬂ (pO/ '70,11/ .B)

Our aim is to prove that, under Hy, as n — +oo,

(Fo,: — 70) " 9T (p0, Fou, B) = 0p(1), (A16)
(Yo, — 0) 31 Lu(po, Yo, B) (o, — v0) = 0p(1). (A17)

Starting with (A17), by multiplying and dividing by /1, we observe that

|0 = 10) T3 1Lu(p0, Vo0 B) (o — 0)|

_ 1 2 = ~
< H\/E(’Yo,n - ’YO)||p(k+1) % ﬁmavn”(po'%f"'mwp( X [1Fon = ’m”p(k“).

k+1)
For %9,,, an estimator of g, by following the same techniques as in Proposition 1, under Hy,
asn — +00, \/n(%o,, — o) converges in distribution to a normal distribution and ¢ , — 70
tends to 0 in probability as n — +oo. N

Then, to prove (A17), it suffices to show that ||[0311,(po, 7o, B) | |p(k+1)/V/n tends in
probability, as n — 400, to some positive random variable. Recalling (4), we have

u(p, 7, B) = \}ﬁ t; V(Xltl) :gh: BunTTm"(p, v, B)dgler(p, )]
Then,
Ay T (po, ¥, X¢—-1)
= (w109, T (p0, ¥, X¢-1), - -, Wk10y,,, T (o, 7, Xt_l))T € RPU+1),
and

a'zy TVmh (POI Y, Xf—l) =
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W} (t)Hoy Tk (po, 7, X¢—1) 0 .. 0
0 w3 (£)Hay T7m1 (po, v, X¢1)
. ’ . t. 0
0 0 w£+1( )H,yk+1T7"‘7’(p0,')/,Xf ])
€ My4s1)(R),

where, forany i =1,...,k+1, H,, [T (pg, v, X;—1)] is the Hessian matrix of T7m with
respect to ;.

Recall that we wish to bound L|||8%Hn (po, %O,n/ﬁ)mp(kJrl)‘ For any B € RPK+D)

vn
we have
1 ~
nagynn(pOI Yonr ﬁ)
1 1 k+1 p ) _ _
— —_— =TV (00, Va1 Xi— € Yo
1 t; V(thl) m;lh;lﬁm,h ¥ (PO Yo,nr At 1)4)f[ t(PO 70,71)]
2 1 k+1 p ~ ~ T
— Z V2(X Z Z B Oy T (00, ¥ s Xi—1)) (99T (P0, Yo,00 Xt—1))
n =5 VA(Xic1) s
/[ . ] 1 n 1 k+1 p ”
X Peler(po, You)l — = X oo Bu s T (p0, ¥, Xe-1)
f O,T’l n tzl ‘/2()(1L ] m;lh;l On
1 n k+1 P
X 35 T(P0, You Xe—1) s e+ (P0, ¥o,0)] + ;t; VX Xt—l m; hzlﬁm,h

X TV (0o, Yo,u: Xe—1) (3 T(po, Your Xi—1 ) (37T PO, Vo Xi— 1))T
x ¢ et (po, ¥o,u)]
= X1,1(P0, Yo, B) = X210, Vo1 B) = X3,1(P0, Your B) + Xa,0(P0, Vo, B)-
By assumptions (3]), (Ag), (As) and (As), using multiple Taylor expansion and the

ergodic theorem, since ¢; is independent of F;_1, the study of the asymptotic behavior of
Xini=1,...,4, shows that

11 (P, Vo0 B (1) < o0

Then, fori =1,...,4, we proved that |[|X;»(Pn, Y0, B)||[p(k+1) converges to a finite positive

number. From this, we find that H’B%Hn(po, %0,;1/ B) ‘ H /+/n converges to a finite

p(k+1)
positive number.

For proving (A17), one can write

|G = 10) T8 (po, Fo 0. B) (Fon — 10)|

<

1
ﬁ('YO,n*'YO) \/>|||82H71(p0r70nr.3)|||p k+1) 10 = ¥0) sy -

p(k+1)

Using Proposition 1, we can see that, under Hy, |90, — Yol pk+1)/ /1 converges to a finite
positive number.  Since 4y, — o tends to 0 € RV (k+1) in probability, and
’ ’ ’a%nn (PO/ '70,71/ .B) ’ ‘ ‘
follows that

(1) /+/n converges under Hj to some finite positive number, it
p

(Fo,: — 70) "3TLu(po, ¥0,ur B) (Fom — v0) = 0p(1). (A18)
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Now, we prove that

(')’O - ;Y\O,n)—ra'ynn (POI '/)’\O,nr ﬁ) = OP(l)-

By adding and subtracting appropriate terms, we obtain

I (po, 70, B) = u(po, Vo1, B) + (Y0 — Yo,5(n) )99I 1n (P0, Y0,n, B)
+ (Fo,s(n) — ¥0,1)9911n (0, Yo,n, B) +0p(1),

where {s(n)},>1 stands for a sequence of positive integers such that n/s(n) — 0 as
n — 4o0.
Observing that, as n — o0,

n

)T = /s(n) (Y0 — Fos(m) " % s op(1), (A19)

V(o = Yo,s(n)
it is easy to see that,

~ ~ ~ 1 ~
(r)/o - r)’O,s(n))Ta’YH” (POI Yo,ns ﬁ) = \/ﬁ(’yo - ’yo,s(n))Tﬁa’YH" (PO/ Yo,ns ﬁ)

By assumptions (), (A9), (535) and (As), using a suitable application of the ergodic theorem,
since ¢; is independent of F;_1, we can show that

T
(70 = Fost ) 33TLn(po, o, B) = 0p(1).
Thus,
T
T, (pO/ Yo, ﬂ) =11, (PO/ '/Y\O,n/ ﬁ) + (;)’\O,s(n) - '/Y\O,n> a'ynn (PO/ '/Y\O,n/ ﬁ) + OP(l)- (A20)

O

To treat the above equation, we need the following lemma.

Lemma A3. Let g, be a consistent and asymptotically normal estimator of o € RPE+D) Let
{s(n)},>1 be a sequence of positive integers such that n/s(n) tends to 0 as n — +o0. For pg € RP

and B € Rr(k+D), Yo,5(n) 1 asymptotically in the tangent space T, to the curve IT, (p, 7, B) at Yo,
defined as follows:

T, = {y € Rp(kﬂ)/nn(Po,y,ﬂ) = I (po, Yo, B) + (¥ — Fou) ' 94T (po, ’70,n,,3)}-

Proof. Writing a second-order Taylor expansion of I, (po, 70,,, B) in a neighborhood of
Yo,n, for some g ¢,y lying between 7 5,y and %0,,, we obtain

T

1T, (PO/ '/Y\O,s(n)/ .B) = I, (PO/ '70,71/ .B) + ('/)’\O,s(n) - '?0,71) a’YH” (PO/ '?O,nr ﬁ)
1/ ~ = ~ ~

+ 2 (’YO,s(n) - WO,H)a%Hn(pOI Y0,5(n)” B) ('YO,s(n) - ')’O,n) .

To prove that, as n — 400, 7 ,, belongs to Tn, it suffices to show that

(’YO,S(YI) - 'YO,H) Ta'zyHﬂ (PO, $O,S(n)r ﬁ) ('?O,s(n) - '70,11) = OP(l)'
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Then, we study the asymptotic distribution of /n ('?O,S(n) - ’70,11) . By adding and subtract-
ing appropriate terms, we obtain

Vi (Tos) = Fom) = V500 (Tost) = 10) 1/ 57 + V120 = Fo)
= op(1) +vn(vo — Yon)-

It is easy to see that, as n — +00, \/n(Fos(n) — Yo,.) has the same distribution as
V(70 — o,.) and then, \/n(%gs() — Vo) converges in distribution to a normal ran-
dom vector. _

To prove that (%rs(n) - %/n)a%f[n(po, Yo,5(n) B) (’?0,5(71) - '?0,71) = op(1), it suffices to

show that B%Hn (po, %0/5(,1), B)/+/n converges in probability to a random vector.
Now, we write

1 =X =X =
Wainn(()o/ Yo,s(n) B) = X1,1(P0, Yo,5(n): B) — X2,1(P0, Yo,5(n): B)

— X3,1(P0 Yo,5() B) + Xan(P0, Vo,5(n) B)s

where {s(n)},>1 stands for a sequence of positive integers satisfying n/s(n) — 0 as
n — +09, 7, is an asymptotically normal estimator of o and 7 ,(,) lies between 75,
and o.

Previously, we proved that HB%Hn (po, %,n' B) H ( )/ /1 converges in probability
p

k+1
to a positive random variable where 7, ,, lies between %, and . Following the same

techniques, we can prove that the sequence H&%HH (po, ?fO,s(n)/ B) Hp(k—l—l) /+/1 converges in

probability to a positive random variable, where 'Zyo,s(n) lies between 7y 5(,,) and .
It results that

~ ~ \T4 = ~ ~
(’Yo,s(n) - ')’O,n) 9511: (o, Yo,5(n), B) (’Yo,s(n) - ’Yo,n) =op(1).

It follows from Lemma A3 that, as n — +00, % () belongs to the tangent space Ty
Replacing y by % 5(»), we obtain

I14(po, To5(n) B) = T (p0, Yo,0 B) + (Fo,s(m) — Fou) ' 941 Lu(p0, Fon, B) + 0p(1)
Recalling (A20), we obtain
I (po, Y0, B) = Iu(po, ¥o,s(n), B) + 0p(1).
O

Now we need the following lemma.

Lemma A4. Assume that (A1)—(Ay), (B1)—~(Bs) and (13)—~(B%) hold. Let {%o }n>1 be a sequence
of consistent and asymptotically normal estimators of «yy. Let s(n) be any sequence of positive
integers such that n/s(n) — 0as n — +oo. Then, for any B € RP®V), under Hy, as n — oo,
we have

I (pn, v0, B) = ILn(Pn, ¥o,5(n), B) + 0p(1).

Proof. Following the same techniques as above and by applying Taylor expansion of
IT,,(pn, v0, B) in a neighborhood of g ,,, for some 7 ,, lying between 7 and %y ,, we obtain

11, (Pnr Y0, ,B) =11, (Pnr '/Y\O,n/ ,B) - ('/Y\O,n - 'YO)Ta'yHn (Pnr '/)’\O,n/ ,B>
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(Fon = 70) ' B2TL(Pus Yo,ur B) (Fon — 70)-

N —

+

We have
|0 = 70) T8 TLu (P Vo 00 B) (o = 70)|
< VaEon = 90|, fHa TP, o, B) s 1o =70l -

Recall that, under Hy, v/n(%0,, — 0) converges to a finite Gaussian random vector and,

almost surely, as 1 — 400, 40, — Yo tends to 0 € R? (k+1), We study the convergence of

B%HH (Pn/ ':)’O,n/ :B) / \/ﬁ
Based on the proof of Lemma A2, we have

1 ~
7a?ynn(Pnz’)’o,n/ﬁ)
1 n 1 k+1 p 5 ~ ~
— o) T’Ym,h ,~ /X B e ,N
. ; V(Xt_l) m;m; Bin,n0y (Pn, Yo Xe—1)Pf[et(Pns Yo,0)]
2 n k+1 p ~ T
= Z Z Y- B @y T (0w, ¥, Xe-1)) (09 T (P, ¥ 1))
o =1 Xf 1) R Y|
, - 1 n 1 k+1 p ” ( - )
X [8t( /:); )} - ,hT mk /’7  Xi—1
¢f PnsYon " tzzl VZ(XH) m;”;ﬁm Pns Yonr At
” ~ 1 n 1 k+1
X a'yT(pn/'YO,n/Xffl)(Pf[Sf(pnr'YOn +— Z V2 X Z 2 'Bmh
ni3 t-1) g1 i

~ ~ ~ T
X T'Ym/h (Pnr 'Y(),n/ thl) (a’yT(Pnz 'Y(),n/ Xt71)> (a'yT(Pn; ’Yo,n/ thl))
X @ ler(pn, o))

Based on the assumptions (53;)— ([3’5), (B})~(B%) and using the same techniques, we can
prove that (1/+/n) x \H@%Hn(pn, Yo B)|l|p(xk+1) converges to a finite positive number.

Thus, (1/+/n) x H|8%Hn(pn, %/n, B)Illp(k+1) converges almost surely to a finite random

positive number.
From these results, we can conclude that

(Fon = 10) 3L (pu, Yo, B) (Fom — ¥0) = 0p(1).
Then, we can write
I, (Pnr Yo, ,B) =1II, (Pnr 'YO,nr ,B) + (')’O - 'YO,n)Ta'yHn (Pnr ;)70,71/ ,B) + OP(1)~
Adding and subtracting appropriate terms, we obtain
o~ ~ T -~
Iy (pn, Y0, B) = Tu(pn, Yo, B) + ('YO - 70,5(;1)) 0411 (P, Yo,u, B)
T
+ ({Y\O,s(n) - ;Y\O,n) a'YH" (Pn/ Yo, ﬁ) + Op(l).

By the assumptions (31)—(Bs) and by the ergodic theorem, we can prove that

I (pn, v0, B) = n(pns ¥o,5(n)- B) +0p(1),
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where {s(n)})n > 11is a sequence of positive integers such that, as n — 400, n/s(n) — 0.

Returning to the proof of Proposition 3, and using Lemma A2, we have

L (pn, v0, B) = In(pn, '/);O,s(n)/ B) +op(1).

We can write

H”(ps(n)/ Y0, ﬁ) = H”(ps(n)/ '/Y\O,s(n)/ :B) + OP(l)'

From Proposition 2, we have

I (po, Y0, B) = Hu(ps(n), v0, B) + 0p(1),

and

L (po, Y0, B) — I1n(Ps(n): Vs(n): B) = Ln(po, v0, B) — Llu(Ps(n), Y0, B) + 0p(1).

Finally, using the above results, we can write

I (po, Y0, B) = Iu(Ps(n): Yo,5(n), B) +0p(1)

O

Appendix A.8. Proof of Theorem 4
Appendix A.8.1. Proof of [i]
The test statistic is
IT, (ps(n)/ ;)’\O,s(n)/ ﬁ)

TaPsn) Yos(u) B) = = il |
n\Ps ()7 V0,s5(n) n(Ps(n), Yo,5(n): B)

We proved in Proposition 3 that
1 (po, 0, B) = ILn(Ps(n) Vo,s(n), B) + 0p(1).

We also proved that, as n — +co,

On(Ps(n) To5(n): B) = 9(po, 10, B)-

Thus, under Hy, as n — 400, we have

aﬂ s(n)’ 27 n)s
im (Ps(n) Vos(n) B) _ 1
n=+e 8(po,v0, B)
and
771(P5(n)r '/Y\O,s(n)r ,B)
S Hn(pO//\')’Orﬁ) + — 1/\ % Op(l)
ﬁn(ps(n)/ Y0,5(n) ﬁ) ﬁn(ps(n)/ Y0,5(n) ﬁ)
_ Walpo, 70, B) _ 8(po. 70, B) . 1 % 0p(1)
19(P0/ 0, 'B) ﬁ”(ps(n)/ '/Y\O,s(n)/ ﬁ) 1971(Ps(n)/ '/Y\O,s(n)/ ﬂ)

LN Tu(po, v0, B)-
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Appendix A.8.2. Proof of [ii] and [iii]
The convergence of @n(ps(n), Yo,5(n), B) to B(po, Yo, B) remains true under the local

alternative Hén) by contiguity. Then, under Hé”) and as n — o0, using Le Cam’s third
lemma, we have

ILi(Ps(n), Yo,5(n), B)
Tolbstny 10 B) = = sl 0500222 By A7 (80, 70, B), 1)
H(ps(n)/')’O,s(n)rﬁ)

Then, we can say that the power of the test remains the same.
For more proof details, see [36].
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